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We onsider the magnetorotational instability (MRI) of a hydrodynamially stable Taylor-Couette
ow with a helial external magneti eld in the indutionless approximation dened by a zero
magneti Prandtl number (Pm = 0). This leads to a onsiderable simpliation of the problem
eventually ontaining only hydrodynami variables. First, we point out that the energy of any
perturbation growing in the presene of magneti eld has to grow faster without the eld. This is
a paradox beause the base ow is stable without the magneti while it is unstable in the presene
of a helial magneti eld without being modied by the latter as it has been found reently by
Hollerbah and Rüdiger [Phys. Rev. Lett. 95, 124501 (2005)℄. We revisit this problem by using a
Chebyshev olloation method to alulate the eigenvalue spetrum of the linearized problem. In
this way, we onrm that MRI with helial magneti eld indeed works in the indutionless limit
where the destabilization eet appears as an eetive shift of the Rayleigh line. Seond, we integrate
the linearized equations in time to study the transient behavior of small amplitude perturbations,
thus showing that the energy arguments are orret as well. However, there is no real ontradition
between both fats. The linear stability theory predits the asymptoti development of an arbitrary
small-amplitude perturbation, while the energy stability theory yields the instant growth rate of
any partiular perturbation, but it does not aount for the evolution of this perturbation. Thus,
although swithing o the magneti eld instantly inreases the energy growth rate, in the same
time the ritial perturbation eases to be an eigenmode without the magneti eld. Consequently,
this perturbation is transformed with time and so looses its ability to extrat energy from the base
ow neessary for the growth.
PACS numbers: 47.20.Qr, 47.65.-d, 95.30.Lz
The magnetorotational instability (MRI) is thought to
be responsible for the fast formation of stars and entire
galaxies in aretion disks. For a star to form, the matter
rotating around it has to slow down by transferring its
angular momentum outwards. Without MRI this pro-
ess would take muh longer than observed beause the
veloity distribution in the aretion disks seems to be
hydrodynamially stable while the visosity alone is not
suient to aount for the atual aretion rates. It
was suggested by Balbus and Hawley [1℄ that a Kep-
lerian veloity distribution in an aretion disk an be
destabilized by a magneti eld analogously to a hy-
drodynamially stable ylindrial Taylor-Couette ow as
it was originally found by Velikhov [2℄ and later anal-
ysed in more detail by Chandrasekhar [3℄. In this ase,
the eet of frowziness of the axial magneti eld in a
well onduting uid provides an additional oupling be-
tween the meridional and azimuthal ow perturbations
that, however, requires a magneti Reynolds number of
Rm ∼ 10. For a liquid metal with the magneti Prandtl
number Pm ∼ 10−5 − 10−6 this orresponds to a hydro-
dynami Reynolds number Re = Rm/Pm ∼ 106 − 107
[4, 5℄. Thus, this instability is hardly observable in the
laboratory beause any oneivable ow at suh Reynolds
number would be turbulent. However, it was shown re-
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ently by Hollerbah and Rüdiger [6℄ that MRI an take
plae in the Taylor-Couette ow at Re ∼ 103 when the
imposed magneti eld is helial. The most surprising
fat is that this type of MRI persists even in the indu-
tionless limit of Pm = 0 where the ritial Reynolds num-
ber of the onventional MRI diverges as ∼ 1/Pm. This
limit of Pm = 0 formally orresponds to a poorly on-
duting medium where the indued urrents are so weak
that their magneti eld is negligible with respet to the
imposed eld. Thus, on one hand, the imposed magneti
eld does not aet the base ow, whih is the only soure
of energy for the perturbation growth. But on the other
hand, perturbations are subjet to additional damping
due to the Ohmi dissipation aused by the indued ur-
rents.
We show rigorously that the imposed magneti eld
indeed redues the energy growth rate of any partiular
perturbation. On one hand, this implies that the energy
of any perturbation, whih is growing in the presene
of magneti eld, has to grow even faster without the
eld and vie versa. But on the other hand, the ow
whih is found to be unstable in the presene of magneti
eld is ertainly known to be stable without the eld.
This apparent ontradition onstitutes the paradox of
the indutionless MRI whih we address in this study.
Consider an inompressible uid of kinemati visos-
ity ν and eletrial ondutivity σ lling the gap between
two innite onentri ylinders with inner radius Ri and
outer radius Ro rotating with angular veloities Ωi and
2Ωo, respetively, in the presene of an externally imposed
steady magneti eld B0 = Bφeφ +Bzez with axial and
azimuthal omponents Bz = B0 and Bφ = βB0Ri/r
in ylindrial oordinates (r, φ, z), where β is a dimen-
sionless parameter haraterizing the geometrial heli-
ity of the eld. Further, we assume the magneti eld
of the urrents indued by the uid ow to be negligi-
ble relative to the imposed eld that orresponds to the
so-alled indutionless approximation holding for most
of liquid-metal magnetohydrodynamis haraterized by
small magneti Reynolds numbers Rm = µ0σv0L ≪ 1,
where µ0 is the magneti permeability of vauum, v0 and
L are the harateristi veloity and length sale. The
veloity of uid ow v is governed by the Navier-Stokes
equation with eletromagneti body fore
∂v
∂t
+ (v ·∇)v = −
1
ρ
∇p+ ν∇2v +
1
ρ
j×B0, (1)
where the indued urrent follows from Ohm's law for a
moving medium
j = σ (E+ v ×B0) . (2)
In addition, we assume that the harateristi time of
veloity variation is muh longer than the magneti dif-
fusion time τ0 ≫ τm = µ0σL
2
that leads to the quasi-
stationary approximation, aording to whih ∇×E = 0
and E = −∇Φ, where Φ is the eletrostati potential.
Mass and harge onservation imply ∇ · v =∇ · j = 0.
The problem admits a base state with a purely az-
imuthal veloity distribution v0(r) = eφv0(r), where
v0(r) = r
ΩoR
2
o − ΩiR
2
i
R2o −R
2
i
+
1
r
Ωo − Ωi
R−2o −R
−2
i
.
Note that the magneti eld does not aet the base ow
beause it gives rise only to the eletrostati potential
Φ0(r) = B0
∫
v0(r)dr whose gradient ompensates the
indued eletri eld so that there is no urrent in the
base state (j0 = 0). However, a urrent may appear in a
perturbed state{
v, p
j,Φ
}
(r, t) =
{
v0, p0
j0,Φ0
}
(r) +
{
v1, p1
j1,Φ1
}
(r, t)
where v1, p1, j1, and Φ1 present small-amplitude pertur-
bations for whih Eqs. (1, 2) after linearization take the
form
∂v1
∂t
+ (v1 ·∇)v0 + (v0 ·∇)v1
= −
1
ρ
∇p1 + ν∇
2v1 +
1
ρ
j1 ×B0 (3)
j1 = σ (−∇Φ1 + v1 ×B0) . (4)
In the following, we fous on axisymmetri perturba-
tions, whih are typially muh more unstable than non-
axisymmetri ones [7℄. In this ase, the solenoidity on-
straints are satised by meridional stream funtions for
uid ow and eletri urrent as
v = veφ +∇× (ψeφ), j = jeφ +∇× (heφ).
Note that h is the azimuthal omponent of the indued
magneti eld whih is used subsequently as an alterna-
tive to Φ for the desription of the indued urrent. In
addition, for numerial purposes, we introdue also the
vortiity ω = ωeφ +∇× (veφ) =∇ × v as an auxiliary
variable. Then the perturbation may be sought in the
normal mode form
{v1, ω1,ψ1, h1} (r, t) =
{
vˆ, ωˆ, ψˆ, hˆ
}
(r) × eγt+ikz,
where γ is in general a omplex growth rate and k is
the axial wave number. Heneforth, we proeed to di-
mensionless variables by using Ri, R
2
i /ν, RiΩi, B0, and
σB0RiΩi as the length, time, veloity, magneti eld,
and urrent sales, respetively. The nondimensionalized
governing equations read as
γvˆ = Dkvˆ + Reik
(
r2Ω
)′
r−1ψˆ +Ha2ikhˆ, (5)
γωˆ = Dkωˆ + 2ReikΩvˆ −Ha
2ik
(
ikψˆ + 2βr−2hˆ
)
, (6)
0 = Dkψˆ + ωˆ, (7)
0 = Dkhˆ+ ik
(
vˆ − 2βr−2ψˆ
)
, (8)
where Dkf ≡ r
−1 (rf ′)
′
− (r−2 + k2)f and the prime
stands for d/dr; Re = R2iΩi/ν and Ha = RiB0
√
σ/(ρν)
are Reynolds and Hartmann numbers, respetively;
Ω(r) =
λ−2 − µ+ r−2 (µ− 1)
λ−2 − 1
is the dimensionless angular veloity of the base ow
dened using λ = Ro/Ri and µ = Ωo/Ωi. Boundary
onditions for the ow perturbation on the inner and
outer ylinders at r = 1 and r = λ, respetively, are
vˆ = ψˆ = ψˆ′ = 0. Boundary onditions for hˆ on insulat-
ing and perfetly onduting ylinders, respetively, are
hˆ = 0 and (rhˆ)′ = 0 at r = 1;λ.
The governing Eqs. (58) for perturbation amplitudes
were disretized using a spetral olloation method on
a Chebyshev-Lobatto grid with a typial number of in-
ternal points N = 32 − 96. Auxiliary Dirihlet bound-
ary onditions for ωˆ were introdued and then numer-
ially eliminated to satisfy the no-slip boundary ondi-
tions ψˆ′ = 0. Eletri stream funtion hˆ was expressed in
terms of vˆ and ψˆ by solving Eq. (8) and then substituted
in Eqs. (5, 6) that eventually resulted in the 2N × 2N
omplex matrix eigenvalue problem whih was eiently
solved by the LAPACK's ZGEEV routine.
In addition, Eqs. (58) were disretized by using a
Chebyshev-tau approximation and integrated forward in
time by a fully impliit 2nd order sheme with linear ex-
trapolation of onvetive and magneti terms. We tested
the numerial ode by nding a few leading eigenmodes
and eigenvalues by the so-alled snapshot method [8℄
and ompared to the results of the above desribed ode
as well as to the linear instability results [9℄ and [6℄.
Agreement was at least three signiant digits.
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Figure 1: Critial Reynolds number versus µ for insulating
ylinders with λ = 2 at various heliities β and xed Hart-
mann number Ha = 15.
Equations (3, 4) straightforwardly lead to the kineti
energy variation rate of a virtual perturbation v1 satis-
fying the inompressiblity onstraint and the boundary
onditions. Multiplying Eq. (3) salarly by v1 and then
integrating over the volume V whih extends axially over
the perturbation wavelength, we obtain
∂E1
∂t
= −
∫
[(v1 ·∇)v1] · v0dV −
∫ (
νω21 +
j21
σ
)
dV,
where E1 =
1
2
∫
v21dV is the energy of perturbation. The
rst integral in the equation above aounts for the in-
teration of the perturbation with the basi ow whih
is not aeted by the magneti eld as noted above. The
sign of this integral may vary depending on v1. Thus,
this term presents a potential soure of energy. In on-
trast, the seond term is negative denite presenting an
energy sink due to both visosity and ondutivity. Sine
the urrent is indued only in the presene of a magneti
eld while the soure term does not depend on the mag-
neti eld, we onlude that the instant growth rate of
any given perturbation has to be lower with magneti
eld than without it
∂E1
∂t
∣∣∣∣
B0>0
<
∂E1
∂t
∣∣∣∣
B0=0
. (9)
The following results onern ylinders with λ = 2,
as in Ref. [6℄. As seen in Fig. 1, whih shows the
ritial Reynolds number as a funtion of µ for Hart-
mann number Ha = 15 and various geometrial helii-
ties β, the linear instability threshold an indeed extend
well beyond the Rayleigh line µc = λ
−2 = 0.25, dened
by d
(
r2Ω
)
/dr = 0, when the magneti eld is helial
(β 6= 0). In ontrast to Pm 6= 0 [6℄, the range of in-
stability is limited by µmax, whih is plotted in Fig. 2
depending on the geometrial heliity β at various Hart-
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Figure 2: Limiting value of µ versus the heliity β for insulat-
ing and perfetly onduting ylinders with λ = 2 at various
Hartmann numbers.
mann numbers Ha for both insulating and perfetly on-
duing ylinders. The ritial Re tends to innity as µ
approahes µmax as in the nonmagneti Taylor-Couette
instability. Thus, in the indutionless approximation, the
destabilizing eet of a helial magneti eld appears as
a shift of the Rayleigh line towards higher µ. The shift is
espeially pronouned for perfetly onduting ylinders
at β ≈ 4.
The results of time-integration of the linearized prob-
lem are illustrated in Fig. 3 for a perturbation with
k = 2 at Re = 2000. This perturbation is unstable in the
presene of a magneti eld with β = 4 and Ha = 15
(Rec = 1554, kc = 2.5) and stable without the eld
beause µ = 0.27 > µc. First, we integrate an arbi-
trary, suiently small initial perturbation for a su-
iently long time so that the unstable mode dominates
but still remains small for the linear approximation to be
valid. Then we swith o the magneti eld by setting
Ha = 0. Note that we assume the eld to be instantly
absent when it is swithed o. So we just ompare the
evolution of the given perturbation with and without the
eld. As seen on the rst inset of Fig. 3, the energy
of an unstable perturbation indeed starts to grow faster
instantly after the magneti eld is swithed o. How-
ever, the growth keeps only for a short time and then
the energy quikly deays as predited by the linear sta-
bility analysis. Note that the energy keeps deaying in
an osillatory way beause the dominating perturbation
without the eld is not a pure traveling wave but rather
a superposition of two oppositely traveling waves whih
both have the same deay rate and frequeny whereas
the amplitude ratio of both waves is determined by the
initial ondition.
The magneti eld is swithed on again at the instant
t = 0.1. The orresponding evolution of the perturba-
tion energy is shown on the r.h.s. of Fig. 3 in enlarged
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Figure 3: Time evolution of the energy of the dominating
perturbation with k = 2 at Re = 2000 after swithing the
magneti eld o and later on again for µ = 0.27, Ha = 15,
and β = 4. Extrapolation shows how the evolution would
proeed without the hange of the magneti eld.
sale. As seen in the seond inset, the energy deay rate
instantly inreases in aordane to (9) when the mag-
neti eld is swithed on. However, after a short transient
the perturbation energy resumes the growth in agreement
with the linear stability analysis. In this ase, the energy
growth is purely exponential beause the dominating per-
turbation is a single traveling wave.
Thus, this partiular example of time integration on-
rms the validity of Eq. (9) whih applies in general
to any arbitrary perturbation. The energy of an unsta-
ble perturbation indeed starts to grow faster when the
magneti eld is swithed o. However, there is no real
ontradition with the linear stability preditions beause
the energy grows only for a limited time and then turns
to deay as predited by the linear stability. It is impor-
tant to stress that the linear stability theory predits the
asymptoti development of an arbitrary small-amplitude
perturbation, while the energy stability theory yields the
instant growth rate of any partiular perturbation, but it
does not aount for the evolution of this perturbation.
Thus, although swithing o the magneti eld instantly
inreases the energy growth rate of the most unstable
as well as that of any other perturbation, in the same
time the ritial perturbation eases to be an eigenmode
without the magneti eld. Consequently, this pertur-
bation is transformed with time and so looses its ability
to extrat energy from the base ow neessary for the
growth. Analogously, swithing on the magneti eld
auses an instant derease of the growth rate of any par-
tiular perturbation beause of Ohmi dissipation, while
the magneti eld transforms the perturbation so that it
beomes able to extrat more energy from the base ow
and so eventually grows.
To understand the physial mehanism of this instabil-
ity, note that a helial magneti eld, in ontrast to pure
axial or azimuthal elds, provides an additional oupling
between meridional and azimuthal ow perturbations. In
a helial magneti eld with axial and azimuthal ompo-
nents, the radial omponent of the meridional ow per-
turbation indues azimuthal and axial urrent ompo-
nents, respetively. Interation of this urrent with the
imposed magneti eld results in a purely radial eletro-
magneti fore whih retards the original perturbation.
So, it has a stabilizing eet similar to the radial deforma-
tion of magneti ux lines in the onventional MRI [2, 3℄.
However, in the perturbation of nite wavelength there
is also a radial urrent omponent assoiated with the
axial one as required by the solenoidity onstraint. This
radial urrent interating with the axial omponent of
the helial magneti eld gives rise to the azimuthal ele-
tromagneti fore, thus oupling the meridional and az-
imuthal ow perturbations similarly to the onservation
of the angular momentum in the purely hydrodynami
Taylor-Couette instability or the azimuthal twisting of
axial magneti ux lines in the onventional MRI. Note
that the latter eet also renders the imposed axial mag-
neti eld loally helial that, however, requires Pm > 0
and Re ∼ 1/Pm. When the imposed magneti eld is he-
lial, the indutionless approximation dened by Pm = 0
is appliable to MRI where it leads to a onsiderable sim-
pliation of the problem ontaining only hydrodynami
variables as in the lassial Taylor-Couette problem.
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